We study the two-body bound and scattering states of two particles in a one dimensional optical lattice in the presence of a coherent coupling between two internal atomic levels. Due to the interplay between periodic potential, interactions and coherent coupling, the internal structure of the bound states depends on their center of mass momentum. This phenomenon corresponds to an effective momentum-dependent magnetic field for the dimer pseudo-spin, which could be observed in a chirping of the precession frequency during Bloch oscillations. The essence of this effect can be easily interpreted in terms of an effective bound state Hamiltonian. Moreover for indistinguishable bosons, the two-body eigenstates can present simultaneously attractive and repulsive bound-state nature or even bound and scattering properties.
I. INTRODUCTION
In the recent years it has been demonstrated that ultracold atoms loaded in optical lattices provide an ideal realization of lattice Hamiltonians [1, 2] . The control of the system parameters, in particular of the ratio between interactions and kinetic energy, has allowed the experimental achievement of the most famous Mott insulator to superfluid phase transition in 2002 [3] . From there on, the number of implementations of Hubbard-like models using cold gases in optical lattices has undergone an incredible growth (see, e.g., [4] ): it is now possible to mimic single-and multi-species Bose and Fermi-Hubbard models, extended Hubbard models by using dipolar gases [5] , and spin chain models [6] [7] [8] . More recently, Hubbard models characterised by non-trivial topology, synthetic magnetic field, artificial gauges [9, 10] , or synthetic dimensions [11] have been realized.
Most of the theoretical studies on lattice Hamiltonians regard many-body or single particle properties, especially in the case of non trivial topology. On the other hand, lattice Hamiltonians show interesting features also as far as the few body physics is concerned. Indeed, when the effect of interactions is combined with the presence of the lattice, composite objects on a lattice behave very differently with respect to their counterpart in free space [12] . First of all the dispersion relation, i.e. the effective mass of bound particles depends on the binding energy. This is due to the impossibility in the lattice of separating the relative motion and the center-of-mass degrees of freedom. Moreover the spectrum of the scattering states, the so-called essential spectrum, is bounded from below and from above. Therefore bound states can exist both for attractive and for repulsive interactions [12, 13] . The existence of "exotic" repulsive bound pairs (RBP) has been directly observed for the first time a few years ago FIG. 1. Schematic representation of two coherently coupled interacting bosons in an optical lattice for Ua = U b = U : (i) two internal levels |a and |b coherently coupled by a resonant coupling Ω; (ii) single-particle eigenstates of Ω at energies ±Ω provided by the internal state superpositions |a ± b ; in the Bloch sphere representation, the two single-particle states |a ± b point respectively in the positive and negative vertical direction; (iii) repulsive lower and upper two-body bound states respectively at energies E l,u BS : for U = U ab the dimers are formed by both atoms in the internal states |a ± b , namely in the two-body internal states |± ; in the Bloch sphere representation for the two-body internal states, the states |± corresponds to a pseudo-spin pointing respectively in the positive and negative vertical direction; for U = U ab the internal wavefunctions of the dimers are modified and the corresponding pseudo-spins are rotated.
for an ultra-cold Bose gas in an optical lattice [14] .
In this work, we consider two atoms with two coherently coupled internal levels in a one dimensional (1D) optical lattice. The two-body properties of this system can be investigated analytically, allowing for a clear un-derstanding of the interplay between the exchange term (phase coupling) and the intra-and inter-species interactions (density coupling). The bound states of the system can be described in terms of a pseudo-spin wavefunction. Thanks to its spinorial structure, the bound states can, in certain regimes, show the co-presence of repulsive and attractive character or the co-presence of free (delocalized) and bound (localized) nature. Those features are absent in the single species situation. Moreover, we show that an effetive momentum-dependent magnetic field emerges for the pseudo-spin of the dressed dimers, by means of a coupling between the internal state of the bound state and its center-of-mass motion. The emergent coupling between internal and external degrees of freedom for the bound states is due to the different dispersion relations of the bare dimers in the different coupling channels and is very easily understood in terms of dressed bound states. The same effect also emerges in a dimer of two distinguishable particles, provided that at least one of them possesses two coherently coupled internal levels.
The paper is organised as follows: In Sect. II we describe the model and make the link to the single species repulsively bound pairs. We introduce the concept of momentum-dependent internal wavefunction for the dimers. We present an intuitive explanation of the physics behind this effect using an effective Hamiltonian and an effective pseudo-spin picture. In Sect. III, we solve analytically our model via a Lippmann-Schwinger treatment. We investigate in detail the properties of the bound states and discuss the effect of Bloch oscillations on the dimer pseudo-spin dynamics at the semiclassical level. We describe in detail the case of hybridized bound and scattering states, which are not present in the analogous single species model. In Sect. IV, we generalize our results in the presence of species-dependent hopping and intra-species interaction and compare the effective model with exact diagonalization results. In Sect. V, we show that analogous results are obtained for dimers of two distinguishable particles, as long as one of them has two coherently coupled internal levels. The experimental implementation and relevance of our work in the cold-gases context is discussed in the conclusions.
II. MODEL AND RESULTS
We consider a two-component single-band BoseHubbard model with an exchange term between the two species, characterized by a frequency Ω. In second quantization the Hamiltonian readŝ
wherê
are the annihilation (creation) operators for a particle on site i in the internal state a and b, respectively. In this work, we set the lattice constant d = 1.
A possible realization of model (1) can be provided by bosonic atoms in a 1D deep optical lattice, with two hyperfine states resonantly coupled via an external laser field. At the many-body level a number of properties of this model in different regimes have been already studied by means of bosonization techniques or using Density Matrix Renormalization Group numerical approaches (see, e.g., [15] [16] [17] ). In the present work we focus instead on the two-body physics and in particular on the bound states properties.
Let us first recall that in a single species 1D BoseHubbard Hamiltonian an on-site interaction U α creates a dimer at energy
where K is the center-of-mass momentum. Depending on the sign of the interaction parameter U α , the bound state lies above or below the scattering states, whose energies define the essential spectrum Γ ess (K) = [−4J cos(K/2), 4J cos(K/2)] (see, e.g., [18] ). For U α > 0, the two-body bound state is usually referred to as repulsively-bound pair [14] . The intuitive explanation behind repulsively bound pairs is provided by the fact that the interaction energy of a bound state cannot be converted into kinetic energy, due to the limited energy bandwidth. The dimer has a non-trivial dispersion relation, which becomes more and more flat for increasing interactions (see, e.g., [12] and references therein). For |U α | ≫ J, the curvature of the dispersion relation at K = 0, proportional to the inverse effective mass, is related to two-body hopping in second order perturbation
If we have two species a and b without coherent coupling, i.e. Ω = 0 in Eq. (2), there is a single bound state at energy E α K given, for J a = J b = J, by Eq. (3) with U α replaced by U aa , U bb or U ab , depending on whether the two particles are in the same or in different internal states. The bound state wavefunction can be written as Ψ α K (r) |α , where Ψ α K (r) is the relative motion wavefunction and |α ∈ B int describes the internal composition of the bound state, with
The structure of the eigenfunctions is very simple because the internal state composition |α does not depend on K 2 .
Adding a finite Ω leads to a mixing of the previously described bound states. Neglecting for the moment the presence of the scattering continuum and its influence on the bound states, let us define for the bound states an effective Hamiltonian whose diagonal elements are given by the bound state dispersions E α K in Eq. (3) . Assuming that the bound state wavefunctions Ψ α K (r) do not depend strongly on |α , the exchange term provides the off-diagonal matrix elements
Hence for each value of K, one obtains an Hamiltonian of an effective Λ-system which reads
We postpone to Sect. IV the discussion of the general case J a = J b and U a = U b and, for the sake of simplicity, we consider in most of the paper the Z 2 symmetric situation where 
Their internal wavefunction can be written as
In general the internal composition of the bright states does depend on the center-of-mass momentum. This is physically due to the fact that interactions try to preserve polarised bound states, while coherent coupling prefers to force the atoms in a balanced superposition of the two internal levels. From Eq. (7) and the reasoning above, in order for the momentum-dependence of the bound states to be pronounced, one needs relevant bare intra-and inter-species energy differences ∆ K combined with Ω, U and U ab not much larger than the hopping parameter J. Conversely, the condition U = U ab , i.e. ∆ K = 0, defines the U (1) symmetric case 3 , where also the bright bound states are characterized by the K-indipendent internal wavefunctions |± , corresponding to both atoms in the superpositions |a ± b , eigenstates ofĤ Ω (see Eq. (13)).
The effective Hamiltonian in Eq. (5) assumes bound states well separated from the continuum. For repulsive (attractive) interactions it can happen that the lower (upper) bound state energy enters the upper (lower) scattering continuum. Even in this case, many of the conclusions provided for the upper (lower) bound state by the effettive model may still remain valid (see Sect.III A). However, as we will show in Sect. III B, interesting phenomena can occur due to the hybridisation between lower (upper) bound states and scattering states. In particular, the eigenfunctions present scattering character when projected on the upper (lower) two-body eigenstate of H Ω and bound state character when projected onto the orthogonal lower (upper) eigenstate ofĤ Ω .
While we are mainly interested in atoms satisfying Bose statistics, the previous results apply also for two distinguishable particles. In this case it is enough that a Rabi coupling between two different internal levels is present for one of the particles. The effective Hamiltonian, as well as the exact results obtained via LippmannSchwinger approach, can be easily extended (see Sect.V). The advantage is that using two different atomic species or isotopes the range of available parameters could be broader, possibly allowing to obtain a larger momentum dependence of the bound states.
Before discussing the exact solution, let us describe the effect of Bloch oscillations on the pseudo-spin of the dimers. As discussed in Sect. III, in the Z 2 symmetric case, the bound state Hamiltonian in Eq. (5) separates in a dark manifold and in a two-dimensional bright manifold spanned by the states |± (see Eq. (13) pseudo-spin notation for the |± states, the dynamics is driven at each K by the Hamiltonian
The density matrix for a pseudo-spin S = 1/2 can be written as ρ = (1 + S · σ)/2. From Eq. (8), the equations of motion for the pseudo-spin, describing a dimer wavepacket with center of mass momentum K, correspond at a semiclassical level to the dynamics of a spin in an effective magnetic field
with h Fig. 2 , we plot the probability of finding the system in the two-body state |+ , corresponding to the expectation value of S z , for two particles prepared at t = 0 in the state |+ at K = 0. The pseudo-spin of a wavepacket with center of mass momentum K rotates at a frequency ω L = h ′ (K) and S z oscillates periodically in time. If the center of mass momentum K varies in time, the consequent spin dynamics results in a spin precessing in an effective time-dependent magnetic field h ′ (K(t)). In particular, Bloch oscillations created by an external force F induce, in the semiclassical approximation, a linear variation in time of the center of mass moment K(t) = F t/ . The effect of the time-dependent K manifests itself in a chirping of the precession frequency ω L (t) = h ′ (K(t)) and in the appearance of a beating frequency, as reported The previous treatment is useful and illustrative in the Z 2 symmetric case and taking as initial condition a state belonging to the bright manifold. In the more general case, e.g., starting with a bound state |2 a , 0 b , or in the asymmetric case for which also the dark state is involved in the dynamics, an effective S = 1 treatment is required. Namely one can write directly the effective Hamiltonian in Eq. (5) using the Gell-Mann matrices Λ i , i = 1 . . . 8 as
where we introduced the pseudo-magnetic field
The density matrix can now be written as ρ = (1 + S · Λ)/3. The equations of motion for the spin of a wave packet of center of mass momentum K become
where we use the standard notation for antisymmetric tensor f klj defining the
III. LIPPMANN-SCHWINGER FORMALISM
In this section, we solve exactly the two-body problem for Hamiltonian (1) using the Lippmann-Schwinger formalism. We restrict ourselves to the Z 2 symmetric case of J a = J b and U a = U b , which allows for compact analytical expressions and a clear interpretation of the results. The more general case is treated in Sect. IV where the results are obtained by exact diagonalisation and a generalized effective model.
In order to write the Lippmann-Schwinger equations, it is convenient to defineĤ kin +Ĥ Ω to be the free Hamiltonian. Since we are considering J a = J b , so that [Ĥ kin ,Ĥ Ω ] = 0, the most suited basis is given by the 2-body internal eigenstates ofĤ Ω
The state |0 corresponds to the dark state discussed above. Conversely, as it will become clear in Eq. 
To describe the external degrees of freedom, we follow the standard procedure of introducing the centre-of-mass coordinate R = (x 1 + x 2 )/2 and the relative coordinate r = x 1 − x 2 for two particles at lattice positions x 1 and x 2 . The center of mass and relative coordinates do not separate on a lattice, but still the center of mass momentum K = k 1 + k 2 is a good quantum number. Therefore, the eigenstates can be written as spinor wavefunctions σ e iKR ψ σ K (r)|σ with |σ ∈ B Ω . Inserting this Ansatz in Eq. (1), we get the discrete Schrödinger equation for the relative motion
where δ r,0 is the Kronecker-delta and the parametric dependence of the kinetic energy on K is contained in the discrete gradient∆
As already mentioned, interactions mix only the states |± spanning the so-called bright manifold, while the dark state |0 is completely decoupled. For each value of K, let us call H 
In our case the Green's function components read
where we define β K = 4J cos(K/2) and
The dark state gives rise to a bound state equivalent to the one of the single species Hubbard model with U α = U . The bright states are coupled by the interactions and the condition for the existence of bound states reads
(20) As already noticed in the previous section, for U = U ab the solution simplifies to two bound states with Kindependent internal states |± and effective interaction (U + U ab )/2. In the general case, the two internal states |± are mixed giving rise to K-dependent superpositions. As in the previous section, we name u (l) the upper (lower) bound state. Typical bound and scattering spectra are reported in Fig. 3 . Since the dark state is completely decoupled, its spectrum is not shown in the figures. In panel (a) the parameters are such that there exists two well defined bound states above the essential spectrum. The dashed lines are the approximated bound state energies given by Eq. (6) , that are almost exact in this case. In panel (b) both bound states are well defined for all K values. However due to the vicinity of the lower bound state to the scattering continuum, the results provided by the effective model (dashed line) for its energy are not accurate. In panel (c), the lowest bound state enters the upper scattering continuum in the Brillouin zone center. In that case, scattering and bound states get hybridized, as we will discuss in detail in Sect. III B. In spite of the presence of the continuum, which is not accounted for by the effective model, the prediction for the upper bound state energy is almost perfect. For U = U ab , one obtains the U (1) symmetric case, shown in panel (d). In this case, all bound states are perfectly defined and characterized by the K-indipendent |± internal wavefunctions. In spite of the energy of the lower bound state being immersed in the upper scattering continuum, there is no bound-scattering states hybridisation, since the internal wavefunction of bound and scattering states at the same energy are orthogonal.
Once the bound state energies E i BS are determined by solving (20) , the bound state wavefunctions r|ψ
The explicit form of the Green's function written in Eq. (18) implies that the amplitudes in the |± states have the following spatial dependence
with λ σ K previously defined in Eq. (19) . Eventually the ratio at r = 0 of the spinor components can be written, e.g., as From Eq. (22), it appears clearly that the bound states are given by two exponentially localized wavefunctions for the |± components with different K-dependent de-cay constants 4 , as shown in Figs. 4 and 5 for upper and lower bound state respectively. The sign of E BS − Ω σ determines the sign of λ σ K , which is negative for bound state energies above the σ-essential spectrum and positive for bound state energies below Γ σ ess . Assuming U, U ab > 0, the upper bound state is always above both essential spectra, implying negative values for both λ σ K and a π-paired oscillating wavefunction typical of repulsively bound pairs [14] . Instead the lower bound state can lie above or between the two essential spectra. In the latter case, λ − K is negative, indicating a repulsive character of the bound state in the |− internal state, but λ + K is positive, indicating that in the |+ internal state the bound state is actually attractive (see Fig. 5 ). We remind that the |± channels describe bound states for two atoms in the rotated internal states |a ± b . Therefore the bound state wavefunction shows repulsive or attractive nature, or the co-presence of both, depending on which quantisation direction is chosen in the measurement of the internal state.
K-dependent polarization
In the previous part, we have written the bound state wavefunction in terms of the |± states and have shown how the two components depend on the center of mass momentum K. The dependence of the internal wavefunction of the dimers on the center of mass momentum K can be referred to, in a broad sense, as a spin-orbit coupling effect.
From the experimental point of view, rather than considering the |± basis, it might be more straighforward to carry out the measurements using the basis B int , already introduced to develop the effective model in Sect. II. The population in the different two-body states |2 a , 0 b ,
To quantify the emergent spin-orbit coupling, we look at the K-dependence of the polarizazion in the upper bound state. In Fig. 6 , we show a typical situation for |U − U ab | ∼ Ω and U , U ab ∼ J. A more detailed analysis, including also the effect of asymmetries between J a , J b and U a , U b will be presented in Sect. IV.
B. Bound and scattering states hybridization
As we have already mentioned, for repulsive interaction the lower bound state can enter the upper scattering 4 The condition for the bound state energy not to be in the scattering continuum, namely |E BS − Ωσ| > β K , ensures real values of the λ's. Moreover, the choice of sign in (19) , garantees that |λ σ K | < 1, providing an exponentially decreasing wavefunction. spectrum. In other words, for U, U ab > 0, there are energies in the scattering spectrum of two atoms in channel |+ that are immediately close to a pole in the T -matrix for two atoms in channel |− , identified by the condition
In the U (1) symmetric case U a = U b = U ab , the two internal states |± define two independent channels. For each channel, at the energies identified by the poles of the Green's function, one finds either a scattering or a bound state, like in the single species case. Instead, in the general case of different interaction parameters and in the presence of a coherent coupling between two species, the two atoms can be found in a superposition of scattering and bound states. This intriguing concept will be formalized here below. Fig. 3(c) , namely Ja = J b = J, Ua = U b = 8J, U ab = 4J, Ω = 2.5J and the indicated K-values. When the bound state enters the scattering continuum, we select for each value of K the most localized state in the upper continuum (see colorscale in Fig. 3(c) ).
The Lippmann-Schwinger equations for E ∈ Γ + ess read
where we introduced the internal momentum k E satisfying E = −4J cos(K/2) cos(k E ) + Ω + , the Green's function G − K has been defined in (18) and the bare Green's function for the scattering states reads
The components of the spinor wavefunction are there-
From the above expressions, it is straightforward to extract some important properties of the hybridised state: first of all, the ψ + K component presents a delocalized wavefunction, typical of scattering states; on the other hand, ψ − K shows a localized exponentially decreasing wavefunction typical of bound states.
Unless U = U ab , the two components feel each other and are hybrized. The amplitude of the ψ − K component is amplified, the closer the energy is to the bare bound state energy of two atoms in the two-body state |− . At the same time the ψ + K component undergoes a phase shift determined by both by the interaction coefficient (U + U ab )/2 in the |+ channel and the presence of the bound component in the |− channel. Eventually, in the strongly interacting limit, where the scattering part strongly dominates over the solution of the homogeneous equation, the wavefunction is fermionized and developes a dip at r = 0. In the presence of the ψ − K component, the strongly interacting limit is reached close to the pseudoresonance condition (E + 2Ω) 2 − β 2 K ≈ (U + U ab )/2. Those features are reproduced in Fig. 7 where we plot the wavefunction varying K from the Brillouin zone edge towards the center for the parameters corresponding to Fig. 3(c) : At the Brillouin zone boundary there exists a purely bound state; around |K|/π ≈ 0.3 the eigenstates become hybridized presenting both bound and scattering characters.
IV. ASYMMETRIC CASE
In this section, we address the most general case where J a = J b and U a = U b using exact diagonalization and generalizing the effective model. As a basis for exact diagonalization calculations, it is convenient to use all possible distributions in the lattice sites of two bosons in the single particle atomic states a and b 5 . We label all eigenstates with a well-defined value of the center of mass momentum K and determine the spectrum for bound and scattering states. In order to compare the information about the polarization of the system provided by effective Hamiltonian, we should integrate the wavefunction provided by the exact solution over relative distance.
The effective Hamiltonian, written in the basis B int , has the shape shown in Eq. (5) presenting off-diagonal couplings equal to √ 2Ω, and diagonal elements, which now explicitely read The most relevant difference with respect to the symmetric case is that the dark and bright manifolds are not defined anymore and in general three non degenerate bound states are to be expected.
Depending on the specific choice of parameters, the Kdependence of the polarization can be strongly enhanced or strongly suppressed. To quantify the amount of spinorbit coupling present in the system, we define the visibility
for the different components of the polarization P u . We first consider the symmetric case. From Fig. 8 , we see that for fixed U a = U b = U , J a = J b , the visibility of P u aa is largest when U − U ab ∼ 4Ω and U − U ab largest. The visibility for the other components follows straighforwardly from the relations P 
dom.
Taking as a reference the parameters used in Figs. 6, U a = 4J, U ab = J and Ω = J, which roughly satisfy the above conditions, we study how the visibility is affected when asymmetry between the two species is introduced by varying J b and U b . The results for the visibility of P u aa is shown in Fig. 9 . In this case a non trivial dependence is observed, in particular as far as the effect of the different tunneling parameters is concerned.
In general, the effective model produces very reliable results for the energy and polarization of the upper bound state in a broad range of parameters, as one can for instance observe in Fig. 6 . This includes the cases where the lowest bound state is actually immersed in the scattering continuum and consequently not well described by the effective model. To get a more precise idea of the regimes of validity of the effective model, we calculated the relative difference of the upper bound state energy and polarization between effective and exact model. At the Brillouin zone edge K = π the effective Hamiltonian always produces exact results, since there are no scattering states available to hybridize the bound states. One obtains exact agreement for Ω = 0, which is a trivial case, and for U = U ab as expected, due to the restored U (1) symmetry. The agreement is good for |U − U ab | ≪ Ω and |U |, |U ab | ≪ Ω, namely the cases where the dominant coherent coupling creates bound states in the coherent |± superpositions. However, it is important to note that even if in the case of largest spin-orbit coupling, namely |U − U ab | ∼ Ω, the error becomes of the order of several percent, the predictions of the effective model remain qualitatively reliable.
V. DISTINGUISHABLE PARTICLES
As discussed in the previous sections, the emergent momentum dependent polarisation is a consequence of the competition between breaking of Galilean invariace, coherent coupling and interactions. Therefore, a Kdependence of the internal state composition of dressed dimers is quite a general feature, not unique to the previously discussed system. In particular, similar concepts can be applied to the case of two distinguishable particles, as long as at least one of them is characterised by two internal states, namely a and b coupled by an exchange term Ω. Let us called c the state of the second species or isotope atom. Interactions are characterized by the two coefficients U ac and U bc . The different terms of the 2-particle Hubbard-like Hamiltonian in Eq. (1) now read
possibility could be to work with spin-dependent lattices as recently shown in [25] . In this configuration, aside from breaking Z 2 symmetry, by changing the overlap between a and b species one could also sensibly tune the inter-species interaction.
